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Abstract. A technique is presented for multiplexing two ergodic measure 
preserving transformations together to derive a third limiting transformation. 
This technique is used to settle a question regarding rigidity sequences of weak 
mixing transformations. Namely, given any rigidity sequence for an ergodic 
measure preserving transformation, there exists a weak mixing transformation 
which is rigid along the same sequence. This establishes a wide range of rigidity 
sequences for weakly mixing dynamical systems. 

1. Introduction 

We provide a new and direct method for combining two invertible ergodic finite 
measure preserving transformations to obtain a third limiting transformation. The 
technique iteratively utilizes the Kakutani-Rokhlin lemma ( 19 , 24 ). A measure 
preserving transformation T on a separable probability space (X, B, fx) is ergodic if 
any invariant measurable set A has measure or 1. In particular, T A — A implies 
fi(A) = or 1. 

Lemma 1.1. (Kakutani 1943, Rokhlin 1948) Let T : X — > X be an ergodic 
measure preserving transformation on a nonatomic probability space (X,B,fi), h 
a positive integer and e > 0. There exists a measurable set B C X such that 
B, TB, . . . , T h ~ 1 B are pairwise disjoint and fJ-({j'^ = Q T l {B)) > 1 — e. The collection 
{B, TB, T h - 1 B} is referred to as a Rokhlin tower of height h for transformation 
T. 

Clearly, this lemma demonstrates that any ergodic measure preserving trans- 
formation can be approximated arbitrarily well by periodic transformations in an 
appropriate topology (i.e. uniform topology). See Halmos [T7], [TB], Rokhlin [25] , 
Katok and Stepin [52] . Much of the early work in this regard focuses on the topo- 
logical genericity of specific properties of measure perserving transformations. In 
|22) . results are presented on rates of approximation by periodic transformations, 
and connections with dynamical properties. Recent research of Kalikow |20j demon- 
strates the utility of developing a general theory of Rokhlin towers. Also, it is clear 
from the Kakutani-Rokhlin lemma that any ergodic measure preserving tranforma- 
tion can be approximated arbitrarily well by another ergodic measure preserving 
transformation from any isomorphism class. This observation is utilized repeatedly 
in this work. 

Using the Kakutani-Rokhlin lemma, two input transformations R and S are mul- 
tiplexed together to derive an output transformation T with prescribed properties. 
A sequence of parameters is defined and tuned to ensure ergodicity of T. It is 
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assumed throughout that both R and S are realizable as invertible ergodic measure 
preserving transformations on [0,1) with Lebesgue measure. 

In the case where R is ergodic and rigid, and S weak mixing, we present a method 
for unbalanced multiplexing of R and S. Over time, transformations isomorphic 
to R are used on a higher proportion of the measure space, as the action by S 
dissipates over time. We refer to this process informally as slow weak mixing. 

A measure preserving transformation T : X — >• X is weak mixing, if for all 
measurable sets A and B, 
n— 1 

lim - V |/i(TM n B) - n(A)n(B)\ = 0. 

n— ^oo TL — 4 

Clearly, if T is weak mixing, then T is ergodic. Also, T is weak mixing, if and 
only if T has only 1 as an eigenvalue, and all eigenfunctions are constants almost 
everywhere^ An ergodic measure preserving transformation R is rigid on a sequence 
p,i — > oo, if for any measurable set A, 

lim fi(T p "AAA) = 0. 

n— >oo 

The sequence p n is called a rigidity sequence for R. In the final section, we answer 
a question from [3]. Given an ergodic measure preserving transformation R with 
rigidity sequence p n , we construct a family of weak mixing transformations which 
are rigid on p n . 

2. Weak Mixing Rigidity versus Discrete Spectrum Rigidity 

We do not attempt to summarize results on rigid transformations, or provide 
a comprehensive account of the distinctions between weak mixing and discrete 
spectrum, in relation to rigidity. We recommend recent works [4] and [8j . Both of 
these works provide much detail on the current understanding of rigidity for weak 
mixing transformations. This section is intended to highlight a major distinction 
between rigidity of discrete spectrum transformations and rigidity of weak mixing 
transformations. In particular, we show that for any weak mixing transformation S 
and any (ergodic) discrete spectrum transformation T, there exists a rigid sequence 
for T, which is a mixing sequence for S. Although, rigidity sequences for ergodic 
discrete spectrum transformations must have zero density, a rigid sequence can be 
chosen with density approaching zero arbitrarily slow. This is in contrast to weak 
mixing transformations which must have mixing sequences of density one. 

Several forms of rigidity have been studied in both ergodic theory and topo- 
logical dynamics. In the case of topological dynamics, both rigidity and uniform 
rigidity are considered. Uniform rigidity was introduced in [14] and given a spe- 
cific generic characterization. In [18 , it is shown the notion of uniform rigidity is 
mutually exclusive from measurable weak mixing on a Cantor set. In particular, 
every finite measure preserving weak mixing transformation has a representation 
that is not uniformly rigid. Weak mixing and rigidity have been studied for interval 
exchange transformations. See [7] and [3] for recent results in this regard. Rigid, 
weak mixing transformations have been studied in the setting of infinite measure 
preserving transformations, as well as nonsingular transformations. Mildly mixing 
transformations are finite measure preserving transformations that do not contain 
a rigid factor. These are the transformations which yield ergodic products with 

^For the remainder of this paper, statements of equality are assumed to hold almost everywhere. 
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any infinite ergodic transformation [13]. See works [T], [2], [I] and the references 
therein for results related to notions of weak mixing and rigidity for infinite measure 
preserving or nonsingular transformations. The notion of IP-sequences was intro- 
duced by Furstenberg and Weiss in connection with rigid transformations. There 
has been recent research on IP-rigidity sequences (i.e. IP-sequences which form a 
rigid sequence) for weak mixing transformations. See [4] and [15] for results on 
IP-rigidity. 

The notion of rigidity was extended to a-rigidity by Friedman [TU] . Transforma- 
tions are constructed which are a-rigid and (1 — a)-partial mixing for any < a < 1. 
See [12] and [9] for further research on a-rigid transformations. Many of these no- 
tions have been studied for more general group actions. See [5] for a survey of weak 
mixing group actions. Since our results depend mainly on the use of Lemma 11.11 
which extends to more general groups (i.e. amenable, abelian), there should exist 
an extension of techniques provided in this work to a wider class of groups. Since 
some of the principles provided in this work appear new, we focus exclusively on 
the case of measure preserving Z-actions on [0, 1) with Lebesgue measure. 

The fact that ergodic measure preserving transformations with discrete spectrum 
have rigidity sequences approaching zero density arbitrarily slow, indicates the im- 
pact of our main result. If the rigidity sequence for the ergodic transformation is 
specified in advance, then there exists a weak mixing transformation which includes 
the same rigidity sequence. As a consequence, the class of weak mixing transfor- 
mations admits rigidity sequences with density approaching zero arbitrarily slow. 
The results in the final section will exhibit many new concrete examples of rigidity 
sequences, along with relatively explicit constructions for corresponding rigid weak 
mixing transformations. 



Proposition 2.1. Suppose T : X — > X is an ergodic transformation with discrete 
spectrum, and S : Y — > Y is a weak mixing transformation. There exists a sequence 
p n — > oo such that hin^oo /i(T p ™ A PI A) = n(A) and lirrin-yoo [i(S Pn B n C) — 
fi(B)fj,(C), for all measurable sets A C X and B,C C Y . 



Proof. Since T has discrete spectrum, there exists a countable set of eigenf unctions 
/i,/2, • ■ ■ that generates L 2 under the unitary operator induced by T. For each 
i £ IN, let \ equal the eigenvalue associated with /.;. Note given e > and n € IN, 
A(n, e) = {j e M : |A] - 1| < e, 1 < i < n} has positive density. Given i G IN, let 
A*(n,e)=A(n,e)n{l,2,...,*}. 



Lemma 2.2. If £ n — > oo and e n —> 0, then A = U^Li ^™ ( n ' e «) f orms a rigidity 
sequence for T , whenever A is infinite. 



Proof. Given 8 > and g <G L2, choose n and a\, 02, ... , a n such that \\g — f\\ < (5/4 
where f(x) — X^<Li a ifi- Let a' — max{(|a,-|)||/j|| ^ : 1 < i < n}. Choose N > n 
such that e fe < ^7 for k > N. Let L = maxj!, : 1 < i < N}. If r £ A and r > L, 
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then there exists k > N such that r G Afc. Hence, 

\\g(T r x) - g(x)\\ < \\g(T r x) - f(T r x)\\ + \\f(T r x) - f(x)\\ + \\f(x) - g(x)\ 
< \\f(T r x) - f(x)\\+2\\g(x) - f(x)\\ 

S 



< 



< 



\\^a t f t (T r x) - ^2aifi(x)\\ 

i=l i=l 
n n 

\\Y2 a iKM x ) - ^2aifi(x)\\ 

i=l i=l 
n j~ 

£(N)||/i||(AJ-l) + - 

i=l 



i=l 

Since S > is chosen arbitrarily, then T is rigid on A. □ 

Suppose S is a weak mixing transformation. Let M be a mixing sequence for S 
with density one. Let e n > be a sequence of real numbers such that limn-^ e„ = 
0. Since the set A(n, e n ) has positive density, there exists £ n > n such that l n G 
A(n, E„)flM. Therefore, the set MnA = MfllJ^Li ^« ( n ' e «) ^ s a rigidity sequence 
for T and a mixing sequence for S. □ 



3. Towerplex Constructions 

The main result is established constructively using Lemma ll. II Given two trans- 
formations R and S, we define a third transformation T which is constructed as a 
blend of R and S, such that T acts more like R, asymptotically. We will define a 
sequence of positive integers h„ , n G IN, and a sequence of real numbers e„ > such 
that X^^Li e " < 00 ■ Also, let r„ and s„ for n G IN be sequences of real numbers 
satisfying: < r n ,s n < 1. 

3.1. Initialization. Suppose R and 5 are ergodic measure preserving transforma- 
tions defined on a Lebesgue probability space (X, /x, B). Partition X into two equal 
sets Xi and Y\ (i.e. /i(ATi) = fi(Yi) — 1/2). Initialize i?i isomorphic to R and 

51 isomorphic to S to operate on X\ and Yi, respectively. Define T\(x) = R\{x) 
for x G Xi and Ti(x) = Si(x) for a; G Y\. Produce Rohklin towers of height h\ 
with residual less than ei/2 for each of R\ and S\. In particular, let I\,J\ be 
the base of the i?i-tower and Si-tower such that /i(Ut=o 1 ^-l-M - > 1 /2(1 — ei) 
and KUto ls l J i) > 1/2(1 - ei). Let X x * - Z x \ U^o^l^i) and Y i = 
Y\ \ U^o 1 ^i(^i) be tne residuals for the R\ and 5*1 towers, respectively. Choose 
I'l C h and J[ C Ji such that 

ju(/() = ri/i(Ji) and ^(J-[) = s^( Ji). 

Set X 2 = X! \ Uto 1 ^)] U [U-io^lW)] and F 2 = ^ \ [U£o 1 fi^Ol U 
[Ui=o ^i(^i)]- We will define second stage transformations R2 : X 2 — >• X 2 and 

52 : 3*2 — ► ^2- First, it may be necessary to add or subtract measure from the 
residuals so that X 2 is scaled properly to define i? 2 , and Y" 2 is scaled properly to 
define S* 2 . 
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3.2. Tower Rescaling. In the case where fi(I[) ^ n(J[), we give a procedure 
for transferring measure between the towers and the residuals. This is done in 
order to consistently define R 2 and S 2 on the new inflated or deflated towers. Let 
a = MUfco 1 ^l^ 1 ) an d b — hi{n(J'i) — M-^i))- Let c be the scaling factor and d the 
amount of measure transferred between Ui=Lo 1 S\(J'i) an d x i- Thus, a + b — d = ca 
and 1/2 — a + d = c(l/2 — a). The goal is to solve two unknowns d and c in terms 
of the other values. Hence, d = (2a — 1)6 and c = 1 + 2b. If d > 0, define /jf C J[ 
such that /z(JJ') = djh x . Let X( = X? U 1 J?l (/*)). If d = 0, set X( = XJ\ 
Note, if d 7^ 0, then both ei and \i(X\) may be chosen small enough (relative to 
t{) to ensure the following solutions lead to well-defined sets and mappings. For 
subsequent stages, assume e„ is chosen small enough to force well-defined rescaling 
parameters, transfer sets and mappings R n , S n . 

3.3. Stage 2 Construction. The discriminant value d determines in which di- 
rection mass is transferred between the tower and its associated residual, and also 
determines the amount of mass to be transferred. This is necessary to iteratively 
continue invoking transformations isomorphic to R. Also, an analogous quantity 
will be covered for the Si tower. First, we handle the following two cases for d = d R . 

Case 3.1 (d > 0). Define Ti : X[ — > X^ as a measure preserving map between 
normalized spaces (X[,M n X[, ^ x >) ) an ^ (Aj\B n X*, j^x^j )- Extend n to the 
new tower base, 

ti:[Ii\I[]U[J[\I*i}^Ii 
such that Ti preserves normalized measure between 

and ' 



M ([/i\/(]u[j{\/r]) ^(hy 

Define t\ on the remainder of the tower consistently such that 

, ( R\ o n o R^(x) ifxe R\(Ii \ I[) for0<i<hi 
Tl{X) ~\ R\otio Si l {x) ifxe S\{J[ \ If) forO<Khi 

Define R 2 : X 2 ->■ X 2 as R 2 =Tf 1 ofl 1 or 1 . Note 

f Si(x) ifx e S\(J[\Il) for0<i<hi-l 
2K ' \ Ri(x) ifxe R\(Ii \I{) for < i < hi - 1 

Clearly, R 2 is isomorphic to Ri and R. 

Case 3.2 (d < 0). We transfer measure from X± to the tower. Choose disjoint 
sets li(0), IiO-), • • • , Ii{hi — 1) contained in X\ such that fj,(I*(i)) = d/hi. Denote 
I* = -^i(O)- Begin by defining /1 measure preserving map cti such that I*(i + 1) = 
ai(I*{i)) for i = 0, 1, ... , hi -2. In this case, let X[ = X* \ [{J^ 1 I*(i)} and 
define T\ : X[ — > X^ as a measure preserving map between normalized spaces 
(X[,M fl X[, ^(x') ) and ( X i>^ nX i>jXx*j)- Extend Ti to the new tower base, 

ti : [h \ I[] U II \JJ[->h 

such that Ti preserves normalized measure between 

and 



ndiiXi'ijuizuJi) 11(h)' 
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Define n on the remainder of the tower consistently such that 

( R\ o n o R^(x) if x e R{(h \ I[) for < i < hi 
n (x) = <^ R\ o n o Sf 4 ^) i/ i£5j (J() /or < i < /ii 
[ a4 o n o a± l (x) if x e I{ (i) for < i < hi 

In this case, define R 2 : X 2 — > X 2 such that 

' S x (x) ifxe S\ J[ for < i < hi - 1 

Ri{x) if x e R\(h \ I[) for < i < hi - 1 

ai (a;) if x & I{ (i) for < z < h x - 1 

k rf 1 o i?! o 7i (a:) i/a; e X[ U jtf 1_1 (Ji \ /() U Sf 1-1 ^ U c^ 1 " 1 ^* 

Clearly, R 2 is isomorphic to R\ and R. Transformation S 2 is derived from Si 
and Ri in a similar manner R 2 was derived. We will reuse some of the dynamic 
variables from above for simplicity. Let a = /J-OJ^q 1 S\Ji) and b = hi(jj,(I[) — 
/i(J{)). Let c be the scaling factor and d — d$ the amount of measure transferred 
between [J i^Lq 1 S{(Ji\J[) andY{. Thus, a+b — d = ca and 1/2 — a + d = c(l/2 — a). 
The goal is to solve two unknowns d and c in terms of the other values. Hence, 
d = (2a- 1)6 and c = 1 + 26. If d > 0, define J* C Ji \ J[ such that ju(J*) = djh x . 
Let Y[ = Y* U (Uf=o 1 S{ ( J*i ) ) ■ If d = 0, set Y{ = Y{ . 

Case 3.3 (d > 0). Define ipi : Y{ — > Y* as a measure preserving map between 
normalized spaces (Y{,MnY{, ) and (Y*,MF\Y*, j^y^j )■ Extend ipi to the new 
tower base, 

iPi : [Ji \ ( J[ U Jfl[ U I[ -> Ji 
such that ipi preserves normalized measure between 

and 



»([Ji\(j[uj?)]ui[) n{Ji\ 

Define ipi on the remainder of the tower consistently such that 

M f S\ o Vi o Sf *(a;) x e S*i( Ji \ [J{ U Jf]) /or < i < /ii 
ViW - | 5j o i2-<(a;) i/ie for < t < hi 

Define S 2 :Y 2 ->• Y" 2 s«c/i 5*2 = i/)" 1 o Si o f TVoie 

, . _ J Ri(x) if x & R\{I'i) for0<i<hi-l 
2(x) ~ \ Si(x) ifxG S{{Ji \ [J'i U Jf]) for0<i<hi-l 

Transformation S 2 is isomorphic to Si and S. 

Case 3.4 (d < 0). We transfer measure from Y* to the tower. Choose disjoint sets 
Ji(0), J*(l), • • • , J\ (hi — 1) contained in Y* such that (j,(Ji(i)) = d/hi. Denote 
Ji = Ji(0). Begin by defining \i measure preserving map 0i such that J{(i + 
1) = /9i(J*(i)) for i = 0,1,..., hi -2. In this case, let Y{ = Y* \ [U'= 1 J i Wl 
and define ipi : Y{ — > Y* as a measure preserving map between normalized spaces 
(Y{, B n Y{, and (Y* , B n Y*, ^ry)- Extend ipi to the new tower base, 

i>i : [Ji \ J{] U Jr U I[^ Ji 

such that -01 preserves normalized measure between 

and 
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S 2 (x) 



Define ipi on the remainder of the tower consistently such that 

( S{ o V>i o 5f \x) if x £ S{ ( Ji \ J{ ) /or < i < h x 
i/j 1 (x) = l S\o^ l oR-\x) if x e Ri(I[) for < i < hi 
[ /3j o Vi o /^(a;) i/ie (i) /or < i < hi 

In this case, define S 2 '■ Y 2 — > Y 2 such that S 2 — ip ° Si o ip. Note 

Ri(x) ifxe R\I[ forO<i<h!-l 

Si(x) ifxe S{(Ji \ J[) for < i < hi - 1 

Pi(x) ifxe forO<i<hi-l 

V'f 1 oS l0 iPi(x) ifxe Y{ U Sf 1_1 (Ji \ J() U U Jr 

and S 2 is isomorphic to Si and S. 
Define T 2 as 

R 2 (x) if x e X 2 

S 2 (x) iixeY 2 

Clearly, neither Ti nor T 2 are ergodic. For Ti, Xi and Yi are ergodic components, 
and X2, Y 2 are ergodic components for T 2 . See the appendix for a pictorial of the 
multiplexing operation used to produce R 2 and S 2 from Ri , Si and the intermediary 
maps defined in this section. 

3.4. General Multiplexing Operation. For n > 1, suppose that R n and S n 
have been defined on X n and Y„ respectively. Construct Rohklin towers of height 
h n for each R n and S n , and such that /„ is the base of the R n tower, J n is the base 
of the S n tower, and MUi^o" 1 R^n) + MUto^ S l n J n ) > 1 - e n . Let I' n C /„ be 
such that iJ,(I' n ) = r n /j,(I n ). Similarly, suppose J' n C J n such that n{J' n ) = s n /j,(J n ). 
We define R n +i and S n+ i by switching the subcolumns 

{r n ,R n {I' n ),R 2 n (l' n ), . . . , R^^ 1 (I' n )} 



T 2 (x) 



and 
Let 



{ Sn^j^, S^j^, . . . , iSyj" 

h n -l h n -l h n -l 

Xn+1 = [ (J K{I n \ I' n )] U [ [J 5; j;] U [X n \ \J j£j„] 

i=0 i=0 i=0 



tn+1 = 



U ^(j„\4)]u[|j i?;/;]u[y„\ |j sm 

i=0 i=0 i=0 

As in the initial case, it may be necessary to transfer measure between each column 
and its respective residual. We can follow the same algorithm as above, and define 
maps T n ,a n ,ip n and /?„. Thus, we get the following definitions: 

Case 3.5 (d R > 0). 

Ri o T „ o R-\x) ifxe R n {I n \ I' n ) for < i < h n 
K°T n o S-^x) ifxe S n {J' n \It)forQ<i< h n 



T n {x) 



S n (x) ifxe S l n {J' n \I*) for0<i<h n -l 

Rn+i(x) = { Rn(x) ifxe R l n (I n \ I' n ) for < i < h n - 1 

r- 1 o R n o Tn (x) ifxe X' n U ^" 1 (/„ \ I' n ) U S*"" 1 ^ \ /*) 

and R n+ i = t _1 o R n o r. 
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Case 3.6 (d s > 0). 

' S;o^o S-\x) ifxG S n (J n \ [J' n U J*]) for0<i<h n 
S n o V„ o a: G R n {I' n ) for < i< h n 



R n (x) ifxe R n (I' n ) for0<i<h n -l 

S n+1 (x)= { S n (x) ifxeS n (Jn\[J n UJ*})forO<i<h n -l 

ip- 1 o s„ o $ n (x) tfxe y> u s^-\j n \ [j' n u j*]) u Rfr-\r n ) 

and S n +i = ip^ 1 o S n o ip. 
Case 3.7 (d fl < 0). 

R^o Tn o R-\x) ifxe R n {I n \ I' n ) for < i < h n 

r n (x)= { RioTnoS-^x) if x G S n {J' n ) for < i < h n 

a n o r n o a- l (x) if x G J*(i) for < i < h n 



Rn+l{x) 



S n (x) ifxe S l n J' n for0<i<h n -l 

R n {x) ifxe R n {I n \ I' n ) for < i < h n - 1 

a„(:r) if x e I*(i) for < z < h n - 1 

[ r" 1 o i? n o r n (a:) x e X n U R h n --\l n \ I' n ) U S^ 1 U ajj- 

and i?„+i = t _1 o R n or. 



Case 3.8 (d s < 0). 

S* o V„ o S-^ar) if x e S£(J„ \ 4) /or < i < /»„ 

V„(*) = <( Sio^oR-^x) if x G R n {I' n ) for <i < h n 

P n o^ n o^(x) if x e J*(i) for < K hn 



(x) 



Rn(x) 
S n (x) 

Mx) 

° S n O 1p n (x) 

and S n +i = ip^ 1 o S n oip. 



ifx e R n I' n for0<i<h n -l 
ifxeS n (J n \J n )forO<i<h n 
ifxeJ* (i) for0<i<h n -l 
ifxeY'US^-HJnXJ^UR^ 



(X) 



3.5. The Limiting Transformation. Define the transformation T n +i : U 
y„+i -> X„ + i U Y n+1 such that 

i?„ + i(a;) iixeX n+1 
S n +i(x) if x G y n+ i 

7n+i(x) = T n (x) except for i in a set of measure less than 4e„. If Y^n°=i e « < °°; 
then T(x) = lim„^oo T„(a;) exists almost everywhere, and preserves normalized 
Lebesgue measure. In the following section, additional structure and conditions are 
implemented to ensure that T inherits properties from R and S, and is also ergodic. 

3.6. Rescaling Redux. In the following sections, ergodicity and rigidity will be 
established on sets from a refining sequence of partitions. For n G IN, let P n be a 
refining sequence of finite partitions which generates the sigma algebra. By refining 
P n further if necessary, assume X n , Y n ,X*, Y* G P n . Also, assume R n (I n ), R n (I n \ 
In)>Sn(Jn)>Sn(Jn \ J' n ) are elements of P n for < i < h n - Finally, assume for 
< i < h n — 1, if p G P n and p C R l (I n ) then R n (p) G P n - Likewise, assume for 
< i < h n — 1, if p G P n and p C S l (J n ) then S n (p) e P n - Previously, we required 
that r n mapped certain finite orbits from the R n and S n towers to a corresponding 
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orbit in the R n +i tower. In this section, further regularity is imposed on r„ relative 
to P n to ensure dynamical properties of R n are inherited by R n +i- 

Let P' n = {p G P n \p C Ui^cT 1 ^n(^« \ I'n)}- F° r eac h 01 * ne following three cases, 
impose the corresponding restriction on r„: 

(1) for cLr = and p G P' n , r„ is the identity map (i.e. r„(p) = p); 

(2) for d fl > and p G P^, r„(p) C p; 

(3) for < and p G P,' n , p C r n (p). 

This can be accomplished by uniformly distributing the appropriate mass from the 
sets R l n (In) using r„. Note that r„ either preserves Lebesgue measure in the case 
dn = 0, or r n contracts sets relative to Lebesgue measure in the case da > 0, or it 
inflates measure in the case dn < 0. In all three cases, for p G P' n , 

Ktu{p)) fJ>(X n ) 
It is straightforward to verify for any set A measurable relative to P' n , 

The properties of r„ allow approximation of R n +i by R n indefinitely over time. In 
particular, we have the following lemma which is used in the following two sections. 

Lemma 3.9. Suppose S > and n £ IN is chosen such that 

i MCgn+l) _ •,, <* 
1 11 < 6' 

Then for A, B G P„ and i G IN, the following holds: 

(1) \ii{R} n+1 A n P) - < | M (P^ n P) - m(^)m(P)I + 5; 

(2) fi(Rl l+1 AAA) < l i{R i n AAA) + 5. 

Proof. For A, B G P„, let A' = U pe p' P H A and B' = [} pepi p H P. Since 
Mlfco 1 = ^(^) < r„ and < e„, then fi(AAA') < r n + e n < §. 

Likewise, n(BAB') < §. Since - 1| < f , then M (AAr„A) < §. By apply- 

ing the triangle inequality several times, we can get our approximations. Below is 
a sequence of quantities to chain through such that consecutive values in the chain 
are less than 5/6 apart. 

^{R l n+l A n B) »(Ri +1 A n b') -> m(p;+i^' n P') = ^(r-^rnA' n P') 
^RiTnA 1 n P') = M(P r \T nJ 4' n T n B') -> ^{R^TnA 1 n P') 

n p') -> /x(Pn^' n p) -> MPn- 4 n B ) 

Each arrow in the chain signifies less than | difference. Hence, 
HRl l+1 AnB)- f ,(Rl l AnB)\<5 

which implies 

HRi +1 A n P) - n(A)»(B)\ < HRIA n P) - n(A)n(B)\ + 5. 



10 



TOWER MULTIPLEXING AND SLOW WEAK MIXING 



The second part of the lemma can be proven in a similar fashion using the 
triangle inequality, or chaining through the following six approximations. 

»(Ri +1 AAA) -> »(Ri +1 AAA>) -+ ^R n+l A' AA') = ^r" 1 R^A* AA>) 
^Ri^A'AA') = v(RlT n A'AT n A>) -> ^K^A' AA') 
-> niR^A'AA') -»• ^(^A'AA) -> ^(K^AAA) 

Since each arrow indicates a difference less than |, then 

\ti{R l n+1 AAA) - n{RlAAA)\ < S. 

This completes the proof of the lemma. □ 



4. Ergodicity 

A measure preserving transformation T on a Lebesgue space is ergodic if any 
invariant set has measure zero or one. It is well known this is equivalent to the mean 
and pointwise ergodic theorem. For our purposes, we use the following equivalent 
condition of ergodicity: for all measurable sets A and B, 



1 

i=0 

Let P ni n G IN be a sequence of finite refining partitions as defined in the previous 
section. Using approximation, T is ergodic if the previous condition holds for all 
natural numbers n and sets A and B from P n . 



4.1. Parameter Selection. For the remainder of this paper, assume r n and s n 
are chosen such that 

(1) lim„^oo r n = 0; 

( 2 ) J2n=l r n = J2n=l S n = OO; 

(3) lim^oo fj,(Y n ) = 0; 

( 4 ) J2n=l £ ™ < °°- 

Let 5„ be a sequence of positive real numbers such that linin^co S n = 0. Since 
T n \x n = R n is ergodic, choose natural number M n such that for N > M n , and sets 

A,BeP n nx n , 



1 n^ q n{x n ) n{x n y l< ' 
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In later sections, we refer to this choice of M n as since it is a parameter chosen 
to guarantee ergodicity. Note that 



N-l 

-5>(7t4ni?) n(AMB)\ 



N 

i=0 



Choose h„ such that 



TV M (X„) M (X„) 



»=o 

AT-l 



M e 

(1) -^<e„_ 1 . 



4.2. n" 1 Stage Approximation. Note that T n+ \{x) = T n+2 {x) for 

hn+i-2 

U (K+i(^+i)u^ +1 (J„ +1 )) 

i=0 

which has measure greater than 1 — 2e„ + i — ^-j- . Furthermore, T^ +1 (x) = T^ +2 (x) 

for < j < M n+1 and for x e U, h =o 1 " M " +1_1 (^+i( / n+i) U S l n+l (J n+1 )) which has 
measure greater than 1 — 2e„ + i — ^f"** > 1 — 2e„ + i — e„. By applying this condition 
iteratively for n, T^ +1 (x) = Ti(x) for < j < M n+ \ and for x </ E n+ \ where 
E n+1 = X \ [f)Z n+1 Uto Mk ~\^k(h) U Sl(J k ))] and „(E n+1 ) < 3^. 



Proof of ergodicity. Let A and £? be sets in P ni for some m, and let 5 > 0. Choose 
n 2 > ni such that for n> n 2 , 

(2) + /i(r„) < (5/24; 

(3) 5 « + $S < V4; 

(4) E 4 =„ 2 Ci-i < 5/12. 
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For n > n 2 , let M n < N < M n+1 , Ai = A \ E n +i and Bi = B\ E n+1 . 



N-l 



'N 

»=o 



N-l N-l 

< |-^ M (TMni?)--^MTM 1 ni?)| 

z=0 i=0 
N-l 

z=0 
JV-1 

i=0 

1 

+ l^£/« + i^in£)-M^)MS)l 



i=0 

iV-1 



< 7 + 1^ Y.^ + iM^B)-^ n+1 A^B) 



4 'TV 

i=0 



i=0 



< ^ + \^Y.^n + iAnB)-n(AMB)\. 



1=0 

Since A, B E P n , then by Lemma [3T91 

JV-l 



1 iV 

i=0 



i=0 

or -, jv-i 

< T + ^EH^ ni? )-^ni?)|<5. 

i=0 

Since <5 is chosen arbitrarily, and the above holds for any n > n 2 and M n < N < 
M n+ i, then T is ergodic. □ 

5. Establishing Rigidity 

Suppose that p n is a rigidity sequence for R. Let (5„ be a sequence of positive 
real numbers such that lini„_ ) . 00 S n — 0. Since T n \x n = R n is rigid, choose natural 
number M n such that for N > M n , and A 6 P n n X„ , 

Similar to the previous section, we refer to this choice of M n as M\ in later sections. 
Choose h n such that 

(2) <£„_!. 
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Below we show this choice of h n is sufficient to produce T(x) = lim n _ > . 00 T n (x) rigid 
on p n . 

Proof of rigidity. Let A be a set in P ni for some ni, and let S > 0. Choose n 2 > n\ 
such that for n > 712, 

(!) l i ro 1 - 1 l<V24; 

(2) + fi(Y n ) <S/24; 

(3) <*„ < 5/6; 

(4) E 4 =„ 2 < 6/12. 

For n > 7i 2 , let M n < N < M n +i, Ai = A \ E n +i and A 2 = An X n . Thus, 

/i(T PN AAA) < fj,(T PN AAT PN A{) + ^(T PN A 1 AA) 
= fx(AAA x ) + ^(R^A^AA) 

< S - + ^RZ^AR^A) + n{R p n » +1 AAA) 

< S - + »(IC +1 AAA). 



By Lemma 13791 

n(T PN AAA) < - + ii(I%» 1 AAA) 

< ^ + n{RP? AAA) < 5. 

< — + fi{R p n N AAR p n N A 2 ) + n(R PN A 2 AA 2 ) + n(A 2 AA) 
3(5 

< — + 2p(Y n ) + S n < S. 

Therefore, p n is a rigidity sequence for T. □ 



6. Weak Mixing 

Since the weak mixing component is dissipative, and the resulting transforma- 
tion inherits its rigidity properties from R, we do not focus on multiplexing with 
general weak mixing transformations. Instead, we set S equal to the famous Chacon 
transformation. It is defined via cutting and stacking, and considered the earliest 
construction demonstrated to be weak mixing and not mixing. See [11] for a precise 
definition. For the remainder of this paper, assume both R and S are defined on 
([0,1), /z,B) where fi is Lebesgue measure. In this section, we further specify h n 
and switching sets C n = [Ji=o 1 ^n(^n) f° r ^ S IN. As in previous sections, all con- 
ditions imposed are easily satisfied by choosing a faster growing sequence of tower 
heights h n . No upper bounds are imposed on the growth rate of h n - 

6.1. Switching Set Definition. For each k £ IN and n > k, denote UJ} = 
U"=fe C h v k = ( u k) c and W = Vff n X n . Since R n is ergodic on X n , r„ is 
fixed, and C n predominantly represents long orbits of then h n may be chosen 
sufficiently large such that C n is near conditionally independent of V/} for each 
k < n. 
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Precisely, define h n and C n such that 

Lemma 6.1. For each k G IN, lim„_ ) . 00 M(V fe ™) = 0. 
Proof. Suppose the claim is not true, and there exists k e IN such that 

lim p(V?) > 0. 

Since lim^oc ^(F„) = 0, we can choose fci > k such that /z(Yj) < \^{V^ +n ) for 
j > ki and n G IN. Thus, 

M (C fcl+ in^ +1 ) M(g fcl+ i)Mvt 1+1 ) l w ^ 1+1 , 

M^ 1+ in^ ) > »(v ki ) /i(C/£i+l) [-^— - _] 



Hence, 



> i A1 (C fel+1 ) A1 (^ 1+1 ). 



m« +2 ) = M« +1 )-Hft 1+ in< +1 ) 

< M « +1 )[i-i M (^ 1+ i)] 

< (l-I M (<7,J)(l-I M (C fel+1 )). 



Extending this inductively produces 

n— 1 _. 

M ^ il +™ )< rj(i__ M( c fel+i )). 

i=0 

Note that 

M^n ) 

Since X^Li r « = 00 and nm n->oo A*(-^n) = 1, then both Y^=iH{C n ) = 00 and 
X^Li iM(Cn) = oo- T nis is sufficient to force lim^^ rifcTo^ 1 - iMCfci+i)) = °- 
For completeness, this is shown below. Let Q n = Yli = o(^ ~~ \n-{Cki+i))- Then 

^-Eln( 1 * - ) = gln(l + r i^L ). 



In- 



i=0 ki+j; j=0 4/ 

Since lim^o ln ^ 1 r +rr = 1, then by the limit comparison test, lim^oo ^- = 00 if 
and only if 

n-l 



(4) hm y i[ t, j = °°- 



Note this depends on r n — > as specified in the previous section on ergodicity. 
Also, since E^co r « = 00 . thcn l im >w°o E^q 1 It rrr^^-y ] = 00. Therefore, 



lim < lim 0„ = 
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which establishes our claim by contradiction. This produces the property that 
almost every point falls in infinitely many sets C n . □ 

Property 6.2. mOTLi U~„ C i) = 1- 

6.2. Multiplexing Chacon's Transformation. Chacon's transformation 5 is 
typically defined using cutting and stacking [llj . Initialize I® = [0,2/3) and 
Ci = 7°. Cut h into 3 pieces of equal width, 1° = [0,2/9)J% = [2/9, 4/9), 7| = 
[4/9,2/3), and add a single spacer L\ = [2/3,8/9) above interval l\. Stack into a 
single column Ci =< 1% , 1% , 1% , 1% >. Define S as the linear map from J| to P+ 1 for 
i = 0, 1, 2. Let = 3 ~ 1 be the height of column C n . Obtain C„+i by cutting C n 
into 3 subcolumns of equal width, C°, C^, C^, adding one spacer above the second 
subcolumn and stacking left to right. Again, S maps each level linearly to the level 
directly above it. Also, notice the height of C„+i equals H n+ i = 3H n + 1 = - — ^ — • 
The main property we utilize in this work is related to one of its limit joinings. 

Lemma 6.3. Let S be Chacon's transformation. Given any two measurable sets, 
A and B, 

lim fi(S H "A n B) = (fi(A n B) + fifS^A n B))/2. 

n—>oo 

Proof. Each column C n , n € IN, has a single level of spacer above precisely half the 
mass of the top level of C n . This includes the spacers added when C n is cut into 3 
subcolumns, as well as the infinitely many spacers added when C„+i, C n +2, ■ ■ ■ arc 
cut into 3 subcolumns and stacked. Thus, S Hn maps half of each level to the same 
level, and maps the other half to the level directly below itself. This establishes the 
lemma for sets consisting of a finite union of levels. Since the levels of the columns 
form a refining sequence of partitions which generate the sigma algebra, the lemma 
follows by approximation. □ 

6.3. Weak Mixing Stage. Now we define S n inductively to ensure the final trans- 
formation T is weak mixing. Let 5*1 be the Chacon transformation defined on Y\. 
Suppose S n ~ S has been defined on Y n . Now we specify the manner in which 
SVt+i should be defined. 

6.3.1. Local Approximation of Switching Sets. Choose natural number k n > n such 
that for each i = 0, 1, . . . , h n — 1, there exists a finite collection of indices and 
dyadic intervals K l n (j), j e K l n , such that n{K l n (j)) = ^ and K l n = {J je K> n K nU) 
satisfies fx(Ril^AKi) < {j^fn{I' n ). Let G l n = {j G K\ : ^J'n n ^I(j)) > 
(1 - ^{Ki(j))}. It is not difficult to show /i(U i6 # n Kti)) > (1 - fcMl'n)- 
Set G l n = \J jed( K l n {j). For each n e IN, define 

h n -l 

e=o 

Note that 

h„-l 

M (C„ \ D n ) <J2]T = e - 

Next, we show almost every point falls in infinitely many D n . 
Property 6.4. /i(5) = 1 where D = f)™ =1 [J™ n D t . 
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Proof. Given e > 0, choose N = N{e) e M such that J2n=N e ™ < e - Thus > 

OO OO OO 

n=N n=N n=N 



> 



1 - ^2 e n > 1 - e. 



n=N 



Since e is arbitrarily small, then ^i\J^ =N D n ) = 1, and Property 16.41 is establshed. 

□ 

6.3.2. Weafc Mixing Component. The main goal in this work is to demonstrate how 
properties of a given ergodic transformation can be transferred to produce a tailored 
weak mixing transformation. Since the weak mixing component will dissipate over 
time, we do not focus on introducing general properties using S. Instead, we set 
S to the Chacon transformation inside our towerplex construction. Thus, S n will 
be isomorphic to Chacon's transformation. By Lemma \6.3\ for each n € IN, there 
exists m„ s IN such that for each i = 0, 1, . . . , h n — 1, j £ K n and A = K l n (j), 



n(Sn mn An A) - ^fi(A)\ < e nf i(A) 



1 



and 



luiS^-AnS-^A) - ^(A)\ < e nf x(A). 



Let w n = min {^{K\{j)) > : 1 < £ < n,0 < i < h n — l,j e K}}- Choose h n+ i 
such that 

(5) h n+1 > — ™it. 

7. Slow Weak Mixing Theorem 

In this final section, we combine the properties from the previous three sections 
to establish the main application of the towerplex constructions. 

Theorem 7.1. Given any ergodic measure preserving transformation R on a Lebesgue 
probability space, and any rigid sequence p n for R, there exists a weak mixing trans- 
formation T on a Lebesgue probability space such that T is rigid on p n . 

Proof. Much of the details have been established in the previous sections. In partic- 
ular, note the conditions imposed in each of the sections on ergodicity, rigidity and 
weak mixing, are consistent. Essentially, e n — > arbitrarily fast which is possible 
since only the extra mass from successive Rokhlin towers is bounded by e n . Also, 
each section imposes a lower bound on the growth rate of the tower heights h n , but 
no upper bound. Here is a list of conditions we require to achieve the final result: 

(1) lim^oo r n = 0; 

( 2 ) E"=i r " = XT=i s n = oo; 

(3) linin^oo n(Y n ) = 0; 

(4) /i„e„_i > M^; 

(5) /i n e„_i > M r n ; 

(6) h n sufficiently large so that eqn (3) holds; 

(7) h n+ ie n w n > H mn + 1; 

(8) e n +i(H mn + 1) < 
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(9) H mn + 1 > H mn . 

Both crgodicity and rigidity were established in previous sections. More work is 
needed to complete the proof that T is weak mixing. 

First, we provide explicit parameters r n and s n that ensure conditions (i)-(ix) 
hold. As defined in the towerplex constructions, initialize fJb{X\) = /i(Yi) = 1/2. 

Define r n ,s n such that r„ = — 2 (n+2) ano - Sn = ^(J^j = \- Thus, each 

of the switching sets have measure MdJto^ 1 ^n(-^n)) = (M^n) — ^(X*J)/2(n + 2) 
and MUf=o _1 S n( J n)) ^ - MK))/2 for n = 0, 1, . . .. This implies 

hi-l h!-l 

h(y 2 ) = m^i)+m(U ^i))-mU wo) 

i=0 i=0 



and consequently 



If all residuals had zero mass (fj,(X*) — fi(Y*) — 0), then by induction, the following 
formulas hold: 

n 1 
a(X n ) = — — and fi(Y n ) 



n+l ' v ' n + 1 

In the case of non-trivial residuals, there exist functions e n (X) and e„(Y), such 
that 

n 1 
n{X n ) = — — + e n (X) and a{Y n ) = — — + e n (Y). 
n+l n+l 

Since e„ may be chosen arbitrarily small, then we can still have 
lim u(X n ) = 1, lim u(Y n ) = 0. 

We are ready to establish weak mixing for T. Suppose that / =/= is an eigen- 
function for T. Let 7 > be such that //({x : |/(x)| > 7}) > 0. Given <5 > 0, 
there exists a set Kg C {x : |/(x)| > 7} of positive measure such that for x, y G Aj, 
/(x) — f(y)\ < S-y. Let A^ be the set of Lebesgue density points of A5. In par- 
ticular, if A' s = {x e As ■ lim^^o ^ A ' n ^' x +^ = 1}, then u(A' g ) - fi(A*) > 0. 
Choose leAJnfl. Choose 77' > such that for n < n', »( A ^(x- v ,x+r,)) >x _ s 
Choose n G IN such that 7^7 < 77', Yl^Ln e * < ^ an d x e There exists 

i = i{x) such that x G GJ>, and subsequently j — j(x) such that x G K l n {j). Let 
t?, = max{|y - x| : y G Note r? x < rf, and " (A>n(l -^ I+, ' )) > IS. Thus, 

(6) M (A 5 n^(i)) > - 2r )x S f i(Ki l (J)) - 25^{K i n {j)) 

(7) > (l-25)M^(i)). 



18 



TOWER MULTIPLEXING AND SLOW WEAK MIXING 



Hence, 



\i,is;r- (As n Ki(j)) n (A, n K(j))) - ^(A 5 n K(j))\ 



< (A, n K(j)) n (As n K(j))) - »(S^ (K(j)) n K(j))\ 

+ HS^(K(j)) n - + l^«(i)) - ^(A 4 nKi(j))\ 

< mKU)) + e n n(K(j)) + Sn(K(j)) = (5(5 + e n MK(j))- 

We wish to establish that T is weak mixing, and T does not equal S n every- 
where. In particular, T may differ from S n on the top levels of the towers of height 
h n +i,h n+ 2, . . ., on the accompanying residuals, and on the transfer sets. However, 
we have chosen the growth of the tower heights sufficient to ensure the set where 
T and S n may differ will be small relative to interval, K l n (j). Thus, 

oo 

(8) ^({x G Y n : Tx ± S n x}) < £ [- + 4e,] 



0) < E 



n+l 



H m ,+1' 



Bewarn: the choice of 4 in the previous inequality is essential to compensate for the 
residuals in each of the R and S towers, as well as the transfer sets. This implies 



H({x€Y n : T*x^S l n x, i = l,2,...,H mn +l}) 

H m{ + 



< w n (H mn + 1)^ 77 — l — < 5w n ^ei < 5Sw n . 



Hence, 



IMT*- (A 5 n Ki(j)) n (A, n k^))) l -^(A s n K(j))\ 

< MT H ^ (As n K(j)) n (A, n K(j))) ^» m " (A, n K(j)) n (A 4 n K(j)))\ 
+ |Ms" mn {As n K(j)) n (A 5 n iC(j))) - l -^(A s n ^(i))l 

< 5<5w„ + (5(5 + e n )/i(^(i)) < (10,5 + e n ) M (^(j)). 

For 5 and e sufficiently small, there exists x\ G As D K l n (j) such that T Hn x\ G 
A 5 n A^(j), and i 2 eA s n such that T H " +1 :E2 G A 5 n (j). Thus, 

(10) |A*»/(*i) - /(a^l = |/(T ff "x!) - /(x!)| < (5 7 , 
and 

(11) |A^+ 1 /( 2 ; 2 ) - f(x 2 )\ = \f(T H ^x 2 ) f(x 2 )\ < 5 r 
Hence, 

Therefore, 

A - 1 = hi 1 = Tff < rn — Th — < 5 ■ 

A w ™ A-"™ A w " 
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Since S > may be chosen arbitrarily small, then A = 1. Since it was established 
that T is ergodic in an earlier section, then / must be a constant. Therefore, T is 
weak mixing. □ 

Our theorem establishes the following corollaries which answer questions raised 
in the ground-breaking works [3] and [5] . 

Corollary 7.2. Given any ergodic measure preserving transformation R on a 
Lebesgue probability space with discrete spectrum, and a rigidity sequence p n for 
R, there exists a weak mixing transformation T with rigidity sequence p n . In par- 
ticular, for any k G IN, k > 2, there exists a weak mixing transformation with k n , 
n € IN, as a rigidity sequence. 

In section [21 we demonstrated that rigidity sequences for any discrete spectrum 
transformation can approach zero density arbitrarily slow. Our main theorem shows 
each sequence is covered by the rigidity sequence of some weak mixing transforma- 
tion. The next corollary gives an explicit characterization of " large" rigid sequences 
for weak mixing transformations. While this corollary appears known in [2], our 
characterization gives a general concrete method for establishing "large" rigidity 
sequences of weak mixing transformations. Given a sequence A, define the density 
function g A :TN-t [0, 1] such that g A (k) = #(A n {1, 2, . . . k})/k. 

Corollary 7.3. Given any real-valued function f : IN —> (0, oo) such that 

lim fin) = 0, 

n— >-oo 

there exists a weak mixing transformation with rigidity sequence A such that 

lim #T = 0. 

n^oo g A {n) 

In particular, for any ergodic measure preserving transformation with discrete spec- 
trum (or any ergodic rotation on a torus), there exists a family of rigidity sequences 
for both discrete spectrum (or ergodic rotation), as well as for weak mixing trans- 
formations such that each sequence p n has the property that 

lim = 1. 

Proof. Let R be any ergodic measure preserving transformation with discrete spec- 
trum, and let ei < 62 < . . . be such that linx^oo e n = 0. Given sequence i n , define 
sets A(n, e), Ai(n, e) and A = U^Li ^■t n ( n > £ n) a s in Proposition 12. II We will show 
there exists £ n such that A satisfies 

lim 4^T = 0. 

Since A(n, e„) has positive density, for each n € IN, there exists j n £ IN and r\ n > 
such that 

\ A j( n ^n)\ 

'In 



for all j > j n . Choose £ > max{j n +l)^n-i} such that < £n for j > £- Set 
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Now, we show lim^oo = 0. Given k € IN, choose n e IN such that 

in < k < ln+1- Thus, 



(12) 
(13) 
(14) 



g(k) > 



> 



|An{i,2,...,fc}| 
k 

|A f „ +1 (n + l,e„+i)n{l,2,...,fc}| 



|Afc(n + 1, e„+i)| 



> Vn+l 



Hence, 



(15) 



9{k) 



< 



f(k) 

Vn+l 



< e. 



This confirms that linn 



0. By Proposition 12.11 the crgodic transfor- 



mation R is rigid on A. Therefore, by Theorem 17. 1[ there exists a weak mixing 
transformation which is rigid on A. □ 



Previously, it was established that denominators from convergents of continued 
fractions serve as rigidity sequences for weak mixing transformations. A partial 
result was provided in [8] for restricted convergents, and then a general result was 
established in 4 a . In this paper, we have extended these results to show that any 
rigidity sequence for an ergodic rotation of the torus is also a rigidity sequence for 
some weak mixing transformation. 

Corollary 7.4. Let X G (0, 1) be any irrational number, and let p n be a sequence 
of natural numbers satisfying 

lim | exp (2Tti\p n ) — 1 =0. 



Then there exists a weak mixing transformation T such that p n is a rigidity sequence 
for T. 



Appendix A. Towerplex Pictorial 

This appendix provides an illustration of towers for R\ , Si, and the multiplexing 
operation applied to obtain towers for i?2 and S2. The picture below represents 
only the case where da > and d$ < 0. The other cases are handled as described 
in the section on towerplex constructions. Also, the general case of deriving R n +i 
and S n +i from R n and S n is analogous to the initial multiplexing operation for 
deriving i? 2 and S%. 
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-X! 



Yi 



- Y * 



Ri 



Si 



h 



Ji 



DP, 



si 



d R / 'hi 



Transformations R2 and S2 are derived from Ri and Si by switching the red 
subcolumn with the green subcolumn. We refer to these sets as the switching sets, 
and are the main multiplexing operation. In order to preserve maps isomorphic to 
R and S, and avoid redefining Ri or Si on most of the probability space, it may be 
necessary to transfer measure between the towers and residuals. This is a rescaling 
operation, and these sets are referred to as transfer sets. In the case where dn > 0, 
the blue colored subcolumn ij* from J[ C Yi is absorbed into X[. For d$ < 0, mass 
is removed from Yj* and added as a blue subcolumn to define S 2 - 

X2 9^x[ y 2 m^Y{ 
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